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Flop transitions in M-theory cosmology
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We study flop transitions for M-theory on Calabi-Yau threefolds and their applications to cosmology in the
context of the effective five-dimensional supergravity theory. In particular, the additional hypermultiplet which
becomes massless at the transition is included in the effective action. We find the potential for this hypermul-
tiplet which includes quadratic and quartic terms as well as additional dependence on the Ka¨hler moduli. By
constructing explicit cosmological solutions, it is demonstrated that a flop transition can indeed be achieved
dynamically, as long as the hypermultiplet is set to zero. For an explicit example we find that once excitations
of the hypermultiplet are taken into account, the transition is generically not completed but the system is
classically stabilized close to the transition region, at least as long as the transition states do not vanish.
Regions of moduli space close to flop transitions can, therefore, be viewed as preferred by the cosmological
evolution.

DOI: 10.1103/PhysRevD.68.024030 PACS number~s!: 04.50.1h, 04.65.1e, 11.25.Mj, 98.80.Cq
ca
o

ing
o
o
le
a
s,
nc

il
e-
n
ul
lly
th
o
d

ic
s

th
ed
a

an

-
re

a

o-
h a
cle
ass-
. In
ex-
l-
n
s,

by
o-

is-
the

e
m-

ity
ay

le,
the
by

an-
is
the
ies
tion
tial
y-
in
he

ill
nd
i-
on
I. INTRODUCTION

Spacelike curvature singularities arising in cosmologi
solutions to low-energy string effective actions and their p
tential resolution constitute a challenging problem in str
and M-theory. On the other hand, the string resolution
certain timelike singularities, such as those arising from c
lapsed cycles in the internal manifold, is, at least in princip
understood. In the course of a string or M-theory phase tr
sition, triggered by cosmological evolution of moduli field
these singularities may, in fact, arise at a particular insta
in time. For example, a flop transition@1,2,5# corresponds to
a collapsing two-cycle in the internal Calabi-Yau space wh
a conifold transition@3–5# corresponds to a collapsing thre
cycle. Clearly, such transitions are of interest for string a
M-theory early universe cosmology. For example, one wo
like to know whether the topological transition can actua
be realized dynamically, that is, whether the topology of
internal manifold could have indeed changed during the c
mological evolution. Further, one would like to understan
in this cosmological context, the role of the states wh
become light at the transition and how precisely the tran
tion effects the evolution of the fields.

In this paper we will be answering these questions for
mildest form of topology change, namely the flop. A relat
discussion, but in the context of black-hole solutions, h
been carried out in Refs.@6,7#. We will be working in the
context of M-theory on Calabi-Yau threefolds, leading to
effective description in terms of five-dimensionalN51 su-
pergravity theories@8–12#. Flop transitions arise from col
lapsing two-cycles within the Calabi-Yau manifold and a
therefore, controlled by the Ka¨hler moduli which, together
with U(1) gauge fields, are contained in five-dimension
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vector multiplets. Membranes wrapping Calabi-Yau tw
cycles lead to hypermultiplet states in five dimensions wit
mass proportional to the volume of the cycle. When the cy
collapses at the transition the hypermultiplet becomes m
less and can no longer be ignored in the effective theory
our analysis, we will include these hypermultiplet states
plicitly into the five-dimensional effective action. In the fo
lowing, we will also refer to these states as ‘‘transitio
states.’’ In the case of M-theory on Calabi-Yau threefold
there are no non-geometrical phases@2#, that is, transitions
are sharp. This implies that, going through the transition
first collapsing the cycle and then enlarging it up in a top
logically different way, leads to a another, topologically d
tinct Calabi-Yau space. While the Hodge numbers of
original and the ‘‘flopped’’ Calabi-Yau space are the sam
other topological quantities, such as the intersection nu
bers, change across the transition.

In terms of the five-dimensional effective supergrav
theory, the transition can be described in a non-singular w
once the additional hypermultiplet is included. For examp
the jump in the intersection numbers which appear in
five-dimensional Chern-Simons term is accounted for
loop corrections involving the hypermultiplet states@2# while
the Kähler moduli space metric is continuous across the tr
sition @6#. It turns out that the additional hypermultiplet
charged with respect to a particular linear combination of
vector multiplet gauge fields. Supersymmetry then impl
the existence of a potential which depends on the transi
states and the vector multiplet scalars. It is this poten
which will play an important role in our cosmological anal
sis. Practically, we will, therefore, study time evolution
Kähler moduli space close to the flop region including t
effect of the transition states and their potential.

The plan of the paper is as follows. In Sec. II we w
reviewN51 supergravity in eleven and five dimensions a
the five-dimensional effective action for M-theory on Calab
Yau threefolds. With this machinery at hand, we then go
©2003 The American Physical Society30-1
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to derive the effective five-dimensional action of the tran
tion states. Section III analyzes the cosmology of the fi
dimensional theory for arbitrary Calabi-Yau spaces, first w
vanishing and then with non-vanishing transition states
Sec. IV, we focus on a specific example of two Calabi-Y
spaces related by a flop and study the cosmological evolu
numerically. We conclude in Sec. V.

II. THE FIVE-DIMENSIONAL EFFECTIVE ACTION
OF M-THEORY

To set the notation, we will first reviewN51 supergravity
in eleven and five dimensions and the structure of the fi
dimensional effective action for M-theory on Calabi-Ya
threefolds. Subsequently, we will show how to couple to t
action the hypermultiplet which contains the transition sta
The five-dimensional effective action, including this hype
multiplet, will be the basis for the subsequent cosmologi
analysis.

A. Supergravity in eleven and five dimensions

The bosonic part of 11 dimensional supergravity is giv
by @13#

S1152
1

2k2EM11
H d11xA2gS 1

2
R1

1

4!
GIJKLGIJKLD

1
2

3
C`G`GJ , ~2.1!

whereG5dC is the field strength of the three-form potenti
C and k is the 11-dimensional Newton constant, as usu
Indices I ,J,K, . . . 50, . . . ,10label the 11-dimensional co
ordinatesxI . Later, we will also need the bosonic part of th
membrane action@14,15#

SM3
52T2E

M3

$d3sA2g12Ĉ% ~2.2!

which couples toC. The membrane world volume is param
etrized by coordinatessn, wheren,m,p, . . . 50,1,2, and its
embedding into 11-dimensional space-time is specified
XI5XI(s). The pull-backsgnm and Ĉ of the space-time
metric and the three-form are defined by

gnm5]nXI]mXJgIJ , ~2.3!

Ĉnmp5]nXI]mXJ]pXKCIJK , ~2.4!

as usual. In terms of the 11-dimensional Newton const
the membrane tensionT2 is given by

T25S 8p

k2 D 1/3

. ~2.5!

Let us now move on to five-dimensionalN51 supergrav-
ity focusing on the aspects relevant to this paper. For a m
complete account we refer to the literature@8–12#.
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We denote five-dimensional space-time indices
a,b,g, . . . 50,1,2,3,4. In addition to the supergravity mu
tiplet, consisting of the vielbein, an Abelian vector field a
the gravitini, there are two types of matter multiplets, nam
vector- and hyper-multiplets. In general, one can have
number,nV , of vector multiplets, each containing a real sc
lar field and an Abelian vector field plus fermionic partne
and any number,nH , of hypermultiplets, each containin
four real scalars plus fermions. It is useful to treat t
Abelian gauge fields in the vector multiplets and the sup
gravity multiplet on the same footing and collectively deno
them byAa

i , wherei , j ,k, . . . 50, . . . ,nV . The real scalars
contained in the vector multiplets are described bynV11
fields bi . These define a manifold of very special geome
@9# with metric

Gi j 52] i] j ln K, ~2.6!

which is given in terms of the degree three homogene
polynomial

K5di jkbibjbk. ~2.7!

Heredi jk are constant coefficients. Thebi are subject to the
constraint

K56 ~2.8!

which reduces the number of independent fields tonV , as
required.

Further, we denote by Qu, where u,v,w, . . .
51, . . . ,4nH , the hypermultiplet scalars. They parametri
a quaternionic manifold, that is, a manifold with holonom
SU(2)3Sp(2nH). The metric on this manifold,huv , is
Hermitian with respect to the three complex structures

Ju
v5J u

a vta ~2.9!

satisfying the quaternionic algebra

J u
a vJv

bw52dabdu
w1eabcJ u

c w , ~2.10!

where a,b,c, . . . 51,2,3. Hereta are the Hermitian Paul
matrices so that the complex structures fill out the adjoint
SU(2). Theassociated triplet of Ka¨hler forms is given by

Kuv5Ju
whwv . ~2.11!

We also need to introduce theSU(2) partvu5vu
ata of the

spin connection.
Let us assume that the metrichuv admitsnV11 Killing

vectorski
u . These Killing vectors should respect the quat

nionic structure which means they originate from prepot
tials Pi5P i

ata via the relation

ki
uKuv5]vPi1@vv ,Pi #. ~2.12!

With these conventions the bosonic part of the supergr
ity and vector multiplet action reads
0-2
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SV52
1

2k5
2EM5

H d5xA2gS 1

2
R1

1

4
Gkl]abk]abl

1
1

2
GklFab

k FlabD1
2

3
dklmAk`Fl`FmJ , ~2.13!

where k5 is the five-dimensional Newton constant. Th
bosonic part of the hypermultiplet action takes the form

SH52
1

2k5
2EM5

d5xA2g$huvDaQuDaQv1V%,

~2.14!

with the potentialV given by

V5
1

2
g2F4~Gi j 2bibj !tr~PiPj !1

1

2
bibjhuvki

ukj
vG .

~2.15!

The trace in this expression is performed over the Pauli
trices. The covariant derivativeDa includes the gauging o
the hypermultiplets with respect to the vector fieldsAi and is
defined by

DaQu5]aQu1gAa
i ki

u , ~2.16!

whereg is the gauge coupling. Note that the appearance
the structure of the potential~2.15! is directly linked to this
gauging of the hypermultiplets.

B. M-theory on Calabi-Yau threefolds

Let us now briefly review the reduction@16# of the action
~2.1! for 11-dimensional supergravity on a Calabi-Yau thre
fold X with Hodge numbersh1,1 and h2,1. This leads to a
five-dimensionalN51 supergravity theory of the type de
scribed in the previous section withnV5h1,121 vector mul-
tiplets, nH5h2,111 hypermultiplets and no gauging of th
hypermultiplets.

We now need to specify the geometrical origin of some
these five-dimensional fields. The 11-dimensional metric
the direct product spaceM115M53X can be written as

ds11
2 5V 22/3gabdxadxb1gABdxAdxB, ~2.17!

where A,B,C, . . . 55, . . . ,10 label the coordinates on th
Calabi-Yau space,gAB is the Ricci-flat metric onX andgab
is the five-dimensional metric. The Calabi-Yau volum
modulusV is defined by

V5
1

vEX
d6xAg6, ~2.18!

where v is an arbitrary six-dimensional reference volum
We note that the five-dimensional Newton constantk5 is
related to its 11-dimensional counterpartk by

k5
25

k2

v
. ~2.19!
02403
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The Kähler form vAB of X can be expanded as

vAB5aiv iAB ~2.20!

into a basis$v iAB% of (1,1) forms. We take this basis of (1,1
forms to be dual to an~effective! basis$W i% of the second
homology, that is,

v21/3E
W i

v j5d j
i . ~2.21!

The h1,1 expansion coefficientsai are the Ka¨hler moduli of
the Calabi-Yau space. As stands, they are, of course,
independent from the volume modulusV. However, we can
define volume-independent modulibi by

bi5V 21/3ai . ~2.22!

These constitutenV5h1,121 independent fields as they ca
be shown to satisfy the constraint~2.8!. They should be in-
terpreted as the scalar fields in the vector multiplets. T
coefficientsdi jk which appear in Eq.~2.7! should then be
identified as the intersection numbers of the Calabi-Y
space.

The three-formC can be expanded as

C5C̄1Ai`v i1j`V1 j̄`V̄, ~2.23!

whereV is the holomorphic (3,0) form onX. Theh1,1 five-
dimensional vector fieldsAa

i account for the gauge fields i
the vector multiplets and in the gravity multiplet. The fiv
dimensional three-formC̄ can be dualized to a scalar an
forms, together with the complex scalarj and the volume
modulusV, the universal hypermultiplet. There areh2,1 ad-
ditional hypermultiplets which originate from the comple
structure moduli and the (2,1) part ofC which we have
omitted in Eq.~2.23!. These standard hypermultiplets wi
not be of particular importance in the following.

Let us now review some relevant features of M-theo
flop transitions following Refs.@2,6#. A flop constitutes a
transition from the Calabi-Yau spaceX to a topologically
different spaceX̃ due to a complex curveC in X shrinking to
zero size and subsequently being enlarged in a topologic
distinct way. Concretely, let us expand the classW of the
curveC in our homology basis as

W5b iW i ~2.24!

with constant coefficientsb i . The volume ofC can then be
written as

Vol~C!5E
C
v5~vV!1/3b ~2.25!

where we have introduced the particular linear combinat

b5b ib
i ~2.26!

of vector multiplet moduli. Within the moduli space ofX we
have bi.0, for all i, as well asb.0 and the limitb→0
corresponds to approaching the flop. Continuing further
0-3



e

d
s t
ve

-

e

tiv
r

ve

g

to

-
ic

a

io

y o
e

n
s

s
ps

ing

11-

c

ing

s.

r-

ich

nal
ese

of
ed

he
ints
ut
he
ft
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negative values ofb leads into the moduli space of th
birationally equivalent Calabi-Yau spaceX̃. This new
Calabi-Yau spaceX̃ has the same Hodge numbers an
hence, the same five-dimensional low-energy spectrum a
original spaceX. However, the intersection numbers ha
changed across the transition@2#. More specifically, setting
(b i)5(1,0, . . . ,0) forsimplicity the new intersection num
bersd̃i jk ~expressed in terms of the field basisbi) are given
by

d̃1115d1112
1

6
~2.27!

with all other components unchanged. Sometimes a n
basis of fieldsb̃i , defined by

b̃152b1, b̃i5bi2b1, ~2.28!

for all iÞ1, is introduced@6# to cover the moduli space ofX̃.
These new fields have the advantage of being posi
throughout the moduli space ofX̃ which is not the case fo
the original fieldsbi . For our applications we will find it
usually more practical to use a single set of fields to co
the moduli spaces for bothX and X̃.

How does the five-dimensional effective theory chan
across the transition? Inspection of the action~2.13!, ~2.14!
without gauging and potential shows that only the vec
multiplet part~2.13! is affected through the change~2.27! in
the intersection numbers. From Eq.~2.6!, the metric Gi j
takes the specific form

Gi j 52di jkbk1
1

4
dikldjmnb

kblbmbn, ~2.29!

where we have used thatK56. This form shows that, de
spite the jump~2.27! in the intersection number the metr
remains continuous across the flop sinced111 is always mul-
tiplied by b1 which vanishes at the transition. We remark th
the associated connection

G i j
k 5

1

2
Gkl

]Gi j

]bl
~2.30!

which appears in the five-dimensional equations of mot
contains a term proportional todi jk ~without additional fields
bi) and, hence, jumps across the flop. Given the continuit
the metricGi j the only discontinuous term in the action is th
Chern-Simons term in Eq.~2.13! which is proportional to the
intersection numbers. It has been shown@2# that its jump can
be accounted for by loop corrections which involve the tra
sition states. Let us now discuss these additional state
more detail.

C. The transition states

The five-dimensional particles which become massles
the flop originate from a membrane which wraps the colla
ing complex curveC with homology classW. We can find
02403
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the world-line action for these transition states by start
with the membrane action~2.2!. Introducing a complex
world-volume coordinates5s11 is2 and world time t
5s0 we consider an embedding of the membrane into
dimensional space of the form

Xa5Xa~t!, XA5XA~s!, XĀ5XĀ~ s̄ !, ~2.31!

where hereA and Ā are holomorphic and anti-holomorphi
indices on the Calabi-Yau space, respectively, andXA

5XA(s) parametrizes the complex curveC. The reduction
of the membrane action on this curve leads to the follow
world-line action:

Sp52~v1/3T2!E
R
$dt~b ib

i !A2]tX
a]tX

bgab12b i Â
i%.

~2.32!

This particle must form a hypermultiplet in five dimension
We denote the scalars in this hypermultiplet byqu, where
u,v,w, . . . 51,2,3,4. It is charged with respect to the pa
ticular linear combination

A[b iA
i ~2.33!

of vector fields with associated gauge coupling

g52v1/3T252S 8p

k5
2 D 1/3

, ~2.34!

as can be seen from the last term in Eq.~2.32!. From the first
term in the world-line action we can read off the mass wh
is given by

m5
1

2
gb5T2V 21/3Vol~C!. ~2.35!

What does this information tell us about the five-dimensio
effective action of these transition states? Clearly, th
states being hypermultiplets, their effective action must be
the general form~2.14!. We assume that the associat
hypermultiplet moduli space metric is flat, so that

huv5duv . ~2.36!

As we will see shortly, this assumption is consistent with t
above properties of the transition states and the constra
enforced by five-dimensional supergravity. To work this o
explicitly, let us first recall the quaternionic structure on t
four-dimensional flat moduli space. Introducing the ’t Hoo
h symbols@17#

hbc
a 5h̄bc

a 5ebc
a , ~2.37!

hb0
a 5h̄0b

a 5db
a , ~2.38!

which satisfy the properties

@h i ,h̄ j #50,

~h i !T5~h i !21, ~ h̄ i !T5~ h̄ i !21, ~2.39!
0-4
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the triplet of complex structures can be written as

J u
a v[2h̄uw

a dwv, ~2.40!

which satisfy the quaternionic algebra~2.10!, as required.
The associated triplet of Ka¨hler forms is given by

K uv
a 52h̄uv

a . ~2.41!

We know that the transition states are charged under
particular combination of gauge fields~2.33!. Hence the vec-
tors ki

u must be proportional tob i and, at the same time, b
Killing vectors on flat four-dimensional space. We know th
this gauging must lead to a potential of the form~2.15!. As
qu→0 this potential must vanish so that the modulibi indeed
parametrize flat directions in this limit. This implies that th
Killing vectors ki

u should not correspond to translations b
rather to rotations and, hence, be of the form

ki
u5b i t

u
vqv, ~2.42!

where t is an arbitrary anti-symmetric matrix. In addition
these Killing vectors must originate from a prepotential, th
is, they must satisfy Eq.~2.12!. This is the case precisely i

@ t,h̄a#50 for a51,2,3, or, equivalently, if the matrixt is of
the form

tuv5nahuv
a , ~2.43!

where na are real coefficients. This matrix represents t
generator ofSO(2) in the representation2% 2. We require
the standard normalization tr(t2)524 or, equivalently,
nana51. The associated prepotential then reads

P i
a5

1

2
b iq

v~ h̄vw
a nbh u

bw !qu1j i
a , ~2.44!

wherej i
a are arbitrary integration constants. They repres

the generalization of Fayet-Illiopoulos terms to fiv
dimensionalN51 supergravity. As they lead to terms in th
potential which do not vanish for vanishingqu we will set
them to zero in the following.

Inserting Eqs.~2.36!, ~2.42!, ~2.43! and ~2.44! into the
general hypermultiplet action~2.14! we obtain

Sq52
1

2k5
2EM5

d5xA2g$DaquDaqu1V%, ~2.45!

with the potential

V5
1

4
g2@b2ququ14~Gklbkb l2b2!~ququ!2# ~2.46!

and the covariant derivative

Daqu5]aqu1gA at v
u qv. ~2.47!

Consequently, the hypermultiplet currentj a which couples to
the gauge fieldAa is given by
02403
e

t

t

t

e

t

j a5gqutuv]aqv. ~2.48!

We recall thatb5b ib
i , defined in Eq.~2.26!, is proportional

to the volume of the collapsing cycle and the generatort has
been given in Eq.~2.43!. So far, we have only used that th
transition states are charged under the gauge fieldA. Clearly,
the gauge couplingg which appears in the covariant deriva
tive ~2.47! has to be identified with the value~2.34! obtained
from the reduction of the membrane action. Then, the ab
hypermultiplet action~2.45! is completely fixed. From the
first term in the potential~2.46! we can now read off the
mass of the hypermultiplet which is given bygb/2. This
value indeed coincides with the one obtained from the me
brane reduction, Eq.~2.35!, as it should for consistency.

In addition, we have found a potential term quartic in t
transition states which was not anticipated from the me
brane reduction but imposed on us by five-dimensional
pergravity. This quartic term plays an important role in lif
ing ‘‘unwanted’’ flat directions. While the potential should b
flat for vanishing transition states,qu50, and arbitrarybi , a
flat direction along the flop atb50 and arbitraryqu would
be a surprise.1 Fortunately, this potential flat direction i
lifted by the second term in Eq.~2.46!.

III. COSMOLOGY

A. Cosmological ansatz and equations of motion

Let us briefly summarize the discussion so far. We ha
seen that M-theory on a Calabi-Yau threefoldX with Hodge
numbersh1,1 and h2,1 is effectively described by the five
dimensional supergravity action~2.13!, ~2.14! with nV
5h1,121 vector multiplets andnH5h2,111 hypermultiplets
and no gauging. When a flop transition to a topologica
distinct Calabi-Yau spaceX̃ occurs the Hodge numbers an
hence the number of massless particles remains the s
while the structure of the five-dimensional action changes
accordance with the change~2.27! in the intersection num-
bers. In addition, at and near the flop-transition region
other light hypermultiplet appears whose action~2.45! has to
be added to the previous one for an accurate descrip
across the transition. It is important not to confuse the
transition hypermultiplet states which arises at the flop w
the standard hypermultiplets associated with the comp
structure moduli space of the Calabi-Yau space.

Which parts of this five-dimensional effective action a
we actually interested in for our cosmological application
Since we would like to study flop transitions which arise
moving in the Calabi-Yau Ka¨hler moduli space we should
certainly consider the associated moduli fields, that is

1Such a flat direction with non-vanishing transition states wo
correspond to a Higgs branch where the gauge symmetry co
sponding to the vector fieldA is broken. The resulting change in th
number of light vector multiplets would be inconsistent with t
fact that Hodge numbers are unchanged across the flop.
0-5
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vector multiplet scalarsbi . Clearly, we should also keep th
transition statesqu which become light at the flop. Howeve
these states are charged and generically source the v
fields. Hence, it seems we have to allow for non-trivial ve
tor field backgrounds for consistency. Fortunately, we c
avoid such a considerable complication by setting all sca
qu equal to each other, that is,q[2qu for all u51,2,3,4 and
a single scalarq. This configuration is consistent with thequ

equations of motion, as can be seen from Eq.~2.46!, and
leads to a vanishing current~2.48!. Consequently, the vecto
fields can be consistently set to zero in this case. The s
dard hypermultiplets, in fact, completely decouple from t
other fields and are, hence, not essential for our purp
From these standard hypermultiplet scalars we will o
keep the dilatonV5ef since it represents the overall volum
of the internal Calabi-Yau space and is, therefore, of part
lar physical relevance.

In summary, the spectrum of our five-dimensional effe
tive action can be consistently truncated to the fiv
dimensional metric, theh1,121 Kähler moduli space scalar
bi , the universal transition scalarq and the dilatonf. From
Eq. ~2.13! and Eq.~2.45!, the accordingly truncated effectiv
action then reads

S552
1

2k5
2EM5

d5xA2gH 1

2
R1

1

4
]af]af

1
1

4
Gkl]abk]abl1l~K26!1]aq]aq1VJ ,

~3.1!

V5
1

4
g2@~b lb

l !2q214~Gklbkb l2~b lb
l !2!q4#. ~3.2!

A Lagrange multiplier term has been added to enforce
constraintK56, Eq. ~2.8!, on the modulibi . The value of
the gauge couplingg has been given in Eq.~2.34!. We also
recall that the ‘‘Kähler potential’’K and the metricGi j have
been defined in Eq.~2.7! and Eq.~2.6!, respectively.

We are now ready to consider the cosmological evolut
of our system. We focus on backgrounds depending on t
t only and a metric with a three-dimensional maxima
symmetric subspace which we take to be flat, for simplic
Accordingly, we consider the following Ansatz:

ds252e2n(t)dt21e2a(t)dx21e2b(t)dy2 ~3.3!

f5f~t! ~3.4!

bi5bi~t! ~3.5!

q5q~t!, ~3.6!

wherex5(x1,x2,x3) and y5x4. Note thata andb are the
scale factors of the three-dimensional universe and the a
tional spatial dimension, respectively. For later convenien
we have also included a lapse functionn. The equations of
motion for this Ansatz, derived from the action~3.1!, are
given by Einstein equations
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3~ ȧ21ȧḃ !

51
1

4
~ḟ21Gi j ḃ

i ḃ j14q̇2!1e2nV

3~ ä2 ṅȧ12ȧ2!

52
1

4
~ḟ21Gi j ḃ

i ḃ j14q̇2!1e2nV

2ä1b̈13ȧ21ḃ212ȧḃ22ṅȧ2 ṅḃ

52
1

4
~ḟ21Gi j ḃ

i ḃ j14q̇2!1e2nV ~3.7!

and field equations of motion

f̈1~3ȧ1ḃ2 ṅ !ḟ50 ~3.8!

b̈k1~3ȧ1ḃ2 ṅ !ḃk1G i j
k ḃi ḃ j

12e2n~Gk j ]V/]bj 2 2
3 biV!50

q̈1~3ȧ1ḃ2 ṅ !q̇1
1

2
e2n

]V

]q
50 ~3.9!

K56.

In these equations, we have already used the resultl5
2V/9 for the Lagrange multiplierl which follows by con-
tracting thebi equations of motion2 with bi5Gi j b

j . The
connectionG i j

k associated with the moduli space metricGi j

has been defined in Eq.~2.30!.
The above action and evolution equations have been w

ten for a definite topology of the internal space with inte
section numbersdi jk . When an evolution leads to a flo
transition, the Ka¨hler potentialK, the metricGi j and the
connectionG i j

k have to be changed ‘‘by hand’’ in accordanc
with the change~2.27! in the intersection numbers to obta
the equations of motion for the new topology. As discuss
earlier, this implies continuity ofK and the metric while the
connection jumps across the transition. We also note t
from Eq.~3.2!, the potentialV is continuous while its deriva-
tives with respect tobi contain the connection and, henc
jump. From these properties and the equations of motion
conclude that all fields and their first time derivatives an
hence, the stress energy for all fields is continuous across
flop.

B. An approximate solution for vanishing transition states

It is clear from the Eqs.~3.7! and~3.9! that the transition
stateq can be set to zero consistently and we will now an
lyze the cosmological evolution in this case. From the str
ture of the equations of motion, the configurationq50

2Some relations for very special geometry which are useful in
context have been collected in Ref.@11#.
0-6
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seems rather non-generic and having a non-vanishing,
haps small initial value forq appears to be more plausibl
We will study this generic case further below. However, s
ting q50 corresponds to the conventional picture of a fl
transition as being induced by slow free rolling in mod
space. It is, therefore, useful to consider this case in so
detail, if only as a point of reference.

Setting the transition stateq and, hence, the potentialV, to
zero simplifies the equations of motion considerably. Anot
simplification arises if we choose the gaugen53a1b for
the lapse function. In this gauge, we will denote time byt in
the following. The second term in thebi equations vanishe
for this choice and multiplying the remainder byḃi we find
by integration that

k[Gi j

]bi

]t

]bj

]t
5const. ~3.10!

Hence, the kinetic energyk of the Kähler moduli is constant
on hypersurfaces of constant timet. Note that this is no
longer true for proper cosmological time related tot by
dt25e6a12bdt2. It is straightforward to integrate th
Einstein equations~3.7! and thef equation of motion for
time t. The result can be easily rewritten in terms of prop
time t where it takes the form

a5palnutu, b5pblnutu, f5pflnutu. ~3.11!

Here, we have dropped trivial additive integration consta
for all three fields and the origin of time, for simplicity. Th
expansion powerspa , pb andpf must satisfy the constraint

3pa1pb51, ~3.12!

pa
21papb5

1

12
~pf

2 1k!, ~3.13!

and the relation between proper timet andt is simply

t5 lnutu. ~3.14!

We still need to find the explicit form ofbi for a complete
solution. To do this, we have to solve the following system
equations:

b̈i1G jk
i ḃ j ḃk50 ~3.15!

di jkbibjbk56 ~3.16!

Gi j ḃ
i ḃ j5k. ~3.17!

Here the dot denotes the derivative with respect tot. Hence,
in this time coordinate, the fieldsbi move along geodesics i
moduli space subject to the constraint~3.16! from special
geometry and the kinetic energy constraint~3.17!. Unfortu-
nately, Eq.~3.15! is hard to solve in general due to the se
ond non-linear term. However, for a sufficiently small tim
interval and slow motion this term can be neglected. In ot
words, the geodesics are well approximated by straight li
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bi5ci1pit1O~t2! ~3.18!

in moduli space, whereci andpi are constants, as long as

utu!U 2pi

G jk
i ~c!pipjU . ~3.19!

This approximation also implies that we neglect the kine
energy of the fieldsbi compared to the other fields, that i
from Eq. ~3.17!, we consider a solution withk.0. Accord-
ingly, this value fork has to be inserted into the relatio
~3.13!. Within our approximation, the special geometry co
straint ~3.16! turns into two conditions, namely,

di jkcicjck56, di jkcicj pk50. ~3.20!

These algebraic equations can be easily solved for given
tersection numbers. This completes our approximate s
tion.

Let us now apply this result to a flop transition. We a
sume, for simplicity, that the flop occurs in theb1 direction
and atb150. By settingc150 in our solution~3.18! we can,
in fact, arrange the flop to take place at timet50. Now we
consider two solutions of the above type with intersect
numbersdi jk and d̃i jk . We recall thatd111 is the only inter-
section number which changes@as given in Eq.~2.27!# across
the transition. Since we have setc150 this particular inter-
section number drops out of the constraints~3.20! which
need to be satisfied for a valid solution. We are, therefo
free to choose the same constantsci , pi , solving the con-
straints~3.18!, on both sides of the flop. This leads to tw
solutions, for either topology, which can be continuous
matched together at the flop transition fort50. Further, our
approximation is valid for a certain period of time before a
after the flop as quantified by the condition~3.19!. The scale
factors a and b and the dilatonf are unaffected by the
transition in that they evolve according to Eq.~3.11! with the
same expansion powerspa , pb andpf on both sides of the
transition. These results suggest that the system ind
evolves through the transition into the moduli space of
topologically distinct Calabi-Yau space and, hence, that
topology change is dynamically realized. This picture will
confirmed by our numerical integration further below.

C. Evolution for non-vanishing transition states

If the transition states no longer vanish, that isqÞ0, the
potential becomes operative and the conclusions of the
vious section do not apply any more. Clearly, we should
expect to find analytic solutions in this case any more. Ho
ever, some qualitative features of the evolution can be
ferred from the structure of the potential~3.2!.

Let us consider small fixed values of the transition st
such that the potential~3.2! is dominated by the first term. I
is then approximately given byV;b2q2. Note that this po-
tential for fixed non-zeroq has a minimum atb50, that is,
precisely at the flop point. From this observation and
general shape of the potential it is intuitively clear that
generic evolution will lead to oscillations aroundb50 and
0-7
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will finally settle down to this point. In other words, there
a clear preference for the system to settle down at
transition point rather than complete the transition.

The complete potential~3.2! must still have a minimum a
small b for fixed non-zeroq at least as long asq is suffi-
ciently small. This suggests that the above argument ge
alizes to this case and this will indeed be confirmed by
numerical integration. In conclusion, this suggest that
system behaves quite differently if we allow non-zero valu
of the transition states. Previously, for vanishing transit
states, we have found that the topology does change dyn
cally. If qÞ0, on the other hand, the potential becomes
portant and favors the region in moduli space close to
flop transition. In this case, the system tends to settle dow
the transition region so that the topology change is not co
pleted. It should be noted though that since the poten
~3.2! is only effective as long as the transition statesq are
non-vanishing, for an evolution withq→0 the flop might
still be completed after a period of initial oscillations arou
the flop point. Moreover, the given conclusions are based
the analysis of the purely classical system considered,
taking any other influences into account@18#, such as for
example, a non-perturbative potential from gaugino cond
sation@19#.

IV. AN EXPLICIT MODEL

In this section we would like to substantiate our previo
claims by numerically studying the cosmological evoluti
of our system. To do this we need to consider a particu
example, that is, a particular pair of Calabi-Yau manifo
related by a flop transition which provides us with a concr
set of intersection numbers. We will use the Calabi-Y
spaces described in Refs.@20–22# and applied to black hole
physics in Refs.@6,7#.

Concretely, we consider two elliptically fibred Calabi-Ya
spacesX and X̃, both with a HirzebruchF1 base space an
with h1,153. These spaces share a boundary of the Ka¨hler
moduli space which corresponds to a flop transition. Follo
ing Ref. @6#, both moduli spaces can be covered by a sin
set of coordinates (W,U,T) with the flop transition along
W5U. The Kähler moduli space ofX corresponds to the
coordinate range

U.W.0, T.
3

2
U, ~4.1!

and the associated Ka¨hler potential is given by

K5
9

4
U313T2U2W3. ~4.2!

We can use the constraintK56 to solve forT in terms of the
other two moduli resulting in

T5
1

6 S 2
27U3212W3272

U D 1/2

. ~4.3!
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The fieldsbi which we have previously used are related
(W,U,T) by

b15U2W, b25W, b35T2
3

2
U. ~4.4!

This definition implies, from Eq.~4.1!, that the fieldsbi are
indeed positive throughout the moduli space ofX. The flop
transition is approached asb1→0. Hence, the coefficients
(b i) which enter the potential~3.2! are given by
(b1,b2,b3)5(1,0,0).

For the second Calabi-Yau spaceX̃ the moduli are in the
range

W.U.0, T.W1
1

2
U, ~4.5!

and the Ka¨hler potential is given by

K̃5
5

4
U313U2W23UW213T2U. ~4.6!

Solving K̃56 for T, as before, leads to

T̃5
1

6 S 2
15U3136U2W236UW2272

U D 1/2

. ~4.7!

From Eq.~2.28!, fields b̃i which are positive in the modul
space ofX̃ can be defined by

b̃152b15W2U, b̃25b22b152W2U,

b̃35b32b15T2
5

2
U1W. ~4.8!

Note that the two moduli spaces~4.1! and~4.5! indeed have
a common boundary atb15U2W50 which is where the
flop transition occurs. Also, using the basisbi as defined
above, it is easy to see that the Ka¨hler potentials~4.2! and
~4.6! are related by the shift~2.27! in the intersection num-
bers, as is required for a flop transition.

We will now study the above example usingW andU or,
equivalently,b1 and b2 as the independent variables. It
useful to plot the potential~3.2! as a function of these vari
ables for a fixed value ofq. This has been done in Fig. 1 fo
a value ofq51/3. Obviously, this potential has a minimum
in both directions which happens to be at

U5W5S 3

10D
1/3

, ~4.9!

independent of the value ofq. The associated potential valu
at the minimum~in units whereg51) is

Vmin5
3002/3

16
q4. ~4.10!

From our previous general argument, we did anticipate
minimum in the directionb15U2W. However, a minimum
0-8
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FIG. 1. PotentialV in terms ofW,U and along the flop transition line at W5U, both for fixed q51/3.
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for both fields, located precisely at the flop and, hence
field values~4.9! independent ofq, comes as a surprise. W
do not know whether this is a general feature of the poten
~3.2! near flop transitions or particular to this example. In
dentally, we note that, having fixed all modulibi , the shape
of the potential~4.10! in the remainingq direction is well
suited for inflation. Unfortunately, to be in the slow-roll re
gime we need thatq@1 which, in turn, implies thatV@1 in
units of the fundamental Planck scale. Such potential va
clearly go beyond the region of validity of our five
dimensional effective action and it is, therefore, difficult
conclude anything definite about this tantalizing possibil
In any case, we will restrict field values such thatV does not
become too large in the following.

Before studying the flop-transition numerically, let u
briefly discuss the other boundaries of the moduli space
described by the conditions~4.1! and ~4.5! in relation to the
potential. We note that the potential steeply increases
wards the boundary directionsW→0, W→` and U→0.
Hence, as long as the potential is operative~that is, q is
non-zero! it prevents evolution towards these boundari
The same is true for the boundary prescribed byU3→(W3

16)/9 as long as one stays in theX part of the moduli space
b15U2W.0, and W is sufficiently small. The potentia
barrier rapidly vanishes in this direction for increasingW in
the X̃ part of the moduli space. In our numerical evolutio
we will simply avoid this direction of moduli space b
choosing suitable initial conditions.

We have numerically integrated the system of equati
~3.7!, ~3.9! for the above example, that is for the Ka¨hler
potentials~4.2! and ~4.6!. Here, we present the results fo
three characteristic sets of initial conditions which lead to
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evolution towards the flop transition region. The precise i
tial values of all fields are specified in Table I. Figure
shows the corresponding evolution of the fields as a func
of proper timet. The first set of initial conditions in Table
leads to a vanishing transitions state, that is, we have cho
q(0)50 and q̇(0)50. This is precisely the case we hav
discussed in Sec. III B. The resulting evolution is shown
the first column of Fig. 2. It can be seen that the syste
starting off in the moduli space ofX at b1.0, evolves to-
wards the flop transitionb15U2W→0 and then moves on
to negative values ofb1, corresponding to the moduli spac
of X̃. Hence, the topological transition is indeed dynamica
realized as suggested by the previous analytic solution.
picture changes considerably once we allow for a n
vanishing transition state. The second set of initial conditio
in Table I corresponds to small, non-vanishing values
q(0) andq̇(0). Again, the system starts out in theX moduli
space and evolves towards the flop. The associated plo
the second row of Fig. 2 show that after a few large init
oscillations aroundb150 the system stabilizes atb15U
2W.0 and, hence, at the flop transition. A similar behav
can be observed for larger initial valuesq(0), as in thethird
set in Table I with associated plots in the third column
Fig. 2.

V. CONCLUSIONS

We have shown in this paper that the dynamics
M-theory flop transitions strongly depends on whether or
the transition states which become light at the flop are ta
into account. If these modes are exactly set to zero
0
0

TABLE I. Table of initial conditions in order of increasing initial value ofq5q(0).

Plot U U̇ W Ẇ q q̇ f ḟ a ȧ b

1st 4/5 -1/5 1/8 1/9 0 0 1/2 -1/10 3/10 1/2 1/10
2nd 1/2 -1/5 1/5 1/10 1/5 1/8 2/3 1/10 1/3 2/5 1/1
3rd 4/5 -3/10 1/2 1/10 3/4 1/9 2/3 1/5 3/10 3/10 1/1
0-9
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FIG. 2. Cosmological behavior of the fieldsW(t), U(t), q(t) anda(t), b(t), f(t), respectively, for the three different sets of initi
conditions given in Table I.
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moduli space evolution proceeds freely and the topolo
change can indeed be dynamically realized, that is, the
tem moves between two topologically different Calabi-Y
spaces related by a flop for appropriate but generic in
conditions. For non-vanishing values of the transition mod
however, a potential becomes operative which generic
leads to oscillations of moduli fields around the flop and th
to an approximate stabilization, at least as long as the po
tial is operative. Hence, the system does not really evo
into the moduli space of the flopped Calabi-Yau manifo
and the transition remains incomplete. One may argue
this latter case is likely since non-vanishing values of
transition states represent a more generic set of field con
rations in the early universe. If this is indeed the case,
region in moduli space close to a flop is preferred by
dynamics of the system.

It is likely that our results can be transferred to hetero
M-theory which provides a more realistic setting for low
energy physics from M-theory. To do this, we have to co
ys

ys

au

n

s
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pactify the fifth dimension on a line interval and couple t
five-dimensionalN51 bulk supergravity used in this pape
to N51 theories on the two boundaries@23,11#. The vacuum
state of this theory is a static BPS domain wall which cor
sponds to a certain path in the Calabi-Yau Ka¨hler moduli
space as one moves between the boundaries. Using this p
erty of the vacuum state, one can, in fact, construct st
vacua of heterotic M-theory with an inherent flop transiti
@24#, that is, vacua with the flop occurring at a particul
point in the interval. Assuming the results of this paper
deed transfer to heterotic M-theory, it is these inheren
flopped vacua which would be preferred by the dynami
evolution of the system.
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