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We study flop transitions for M-theory on Calabi-Yau threefolds and their applications to cosmology in the
context of the effective five-dimensional supergravity theory. In particular, the additional hypermultiplet which
becomes massless at the transition is included in the effective action. We find the potential for this hypermul-
tiplet which includes quadratic and quartic terms as well as additional dependence orhtbe faduli. By
constructing explicit cosmological solutions, it is demonstrated that a flop transition can indeed be achieved
dynamically, as long as the hypermultiplet is set to zero. For an explicit example we find that once excitations
of the hypermultiplet are taken into account, the transition is generically not completed but the system is
classically stabilized close to the transition region, at least as long as the transition states do not vanish.
Regions of moduli space close to flop transitions can, therefore, be viewed as preferred by the cosmological
evolution.
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[. INTRODUCTION vector multiplets. Membranes wrapping Calabi-Yau two-
cycles lead to hypermultiplet states in five dimensions with a
Spacelike curvature singularities arising in cosmologicalmass proportional to the volume of the cycle. When the cycle
solutions to low-energy string effective actions and their po-collapses at the transition the hypermultiplet becomes mass-
tential resolution constitute a challenging problem in stringless and can no longer be ignored in the effective theory. In
and M-theory. On the other hand, the string resolution ofour analysis, we will include these hypermultiplet states ex-
certain timelike singularities, such as those arising from colplicitly into the five-dimensional effective action. In the fol-
lapsed cycles in the internal manifold, is, at least in principleJowing, we will also refer to these states as “transition
understood. In the course of a string or M-theory phase transtates.” In the case of M-theory on Calabi-Yau threefolds,
sition, triggered by cosmological evolution of moduli fields, there are no non-geometrical pha$gg that is, transitions
these singularities may, in fact, arise at a particular instancare sharp. This implies that, going through the transition by
in time. For example, a flop transitidd, 2,5 corresponds to  first collapsing the cycle and then enlarging it up in a topo-
a collapsing two-cycle in the internal Calabi-Yau space whilelogically different way, leads to a another, topologically dis-
a conifold transitiorf3—5] corresponds to a collapsing three- tinct Calabi-Yau space. While the Hodge numbers of the
cycle. Clearly, such transitions are of interest for string ancbriginal and the “flopped” Calabi-Yau space are the same
M-theory early universe cosmology. For example, one wouldbther topological quantities, such as the intersection num-
like to know whether the topological transition can actually bers, change across the transition.
be realized dynamically, that is, whether the topology of the In terms of the five-dimensional effective supergravity
internal manifold could have indeed changed during the costheory, the transition can be described in a non-singular way
mological evolution. Further, one would like to understand,once the additional hypermultiplet is included. For example,
in this cosmological context, the role of the states whichthe jump in the intersection numbers which appear in the
become light at the transition and how precisely the transifive-dimensional Chern-Simons term is accounted for by
tion effects the evolution of the fields. loop corrections involving the hypermultiplet staf@$while
In this paper we will be answering these questions for thehe Kanler moduli space metric is continuous across the tran-
mildest form of topology change, namely the flop. A relatedsition [6]. It turns out that the additional hypermultiplet is
discussion, but in the context of black-hole solutions, hasharged with respect to a particular linear combination of the
been carried out in Ref$6,7]. We will be working in the  vector multiplet gauge fields. Supersymmetry then implies
context of M-theory on Calabi-Yau threefolds, leading to anthe existence of a potential which depends on the transition
effective description in terms of five-dimensiorfd=1 su-  states and the vector multiplet scalars. It is this potential
pergravity theorie§8—12]. Flop transitions arise from col- which will play an important role in our cosmological analy-
lapsing two-cycles within the Calabi-Yau manifold and are,sis. Practically, we will, therefore, study time evolution in
therefore, controlled by the Kder moduli which, together Kahler moduli space close to the flop region including the
with U(1) gauge fields, are contained in five-dimensionaleffect of the transition states and their potential.
The plan of the paper is as follows. In Sec. Il we will
reviewN=1 supergravity in eleven and five dimensions and
*Email address: brand@physik.hu-berlin.de the five-dimensional effective action for M-theory on Calabi-
"Email address: a.lukas@sussex.ac.uk Yau threefolds. With this machinery at hand, we then go on
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to derive the effective five-dimensional action of the transi- We denote five-dimensional space-time indices by
tion states. Section Il analyzes the cosmology of the fivew,B,y, ...=0,1,2,3,4. In addition to the supergravity mul-
dimensional theory for arbitrary Calabi-Yau spaces, first withtiplet, consisting of the vielbein, an Abelian vector field and
vanishing and then with non-vanishing transition states. Irthe gravitini, there are two types of matter multiplets, namely
Sec. IV, we focus on a specific example of two Calabi-Yauvector- and hyper-multiplets. In general, one can have any
spaces related by a flop and study the cosmological evolutionumber,n,,, of vector multiplets, each containing a real sca-

numerically. We conclude in Sec. V. lar field and an Abelian vector field plus fermionic partners
and any numbern,, of hypermultiplets, each containing
Il. THE EIVE-DIMENSIONAL EEEECTIVE ACTION four real scalars plus fermions. It is useful to treat the
OF M-THEORY Abelian gauge fields in the vector multiplets and the super-
) o . . gravity multiplet on the same footing and collectively denote
To set the notation, we will first revieN=1 supergravity  inem byAia, wherei,j k, ...=0,...ny. The real scalars

in eleven and five dimensions and the structure of the ﬁveéontained in the vector multiplets are described rigy+ 1

dimensional effective action fc_)r M-theory on Calabi-Yaq fieldsb'. These define a manifold of very special geometry
threefolds. Subsequently, we will show how to couple to th|s[9] with metric

action the hypermultiplet which contains the transition states.
The _five-dimensional eﬁgctive action, including this hypt_er- Gij=—dd,nK, (2.6)
multiplet, will be the basis for the subsequent cosmological

analysis. which is given in terms of the degree three homogeneous
polynomial
A. Supergravity in eleven and five dimensions
=d...b'bl bk
The bosonic part of 11 dimensional supergravity is given K=dijb'bb". 27

by [13] Hered;; are constant coefficients. Thé are subject to the

1 1 1 constraint
Sll:_p (dllx /_g(ER_FEGIJKLGIJKL

K Mll K:6 (28)
I EC/\G/\G}, (2.1) which reduces the number of independent fieldjq as
3 required.

. ] ] Further, we denote byQY, where u,v,w, ...
whereG=dC is the field Stl’ength of the three-form pOtentIa| = 1, L. ,4nH, the hypermump'et scalars. They parametrize
C and « is the 11-dimensional Newton constant, as usualg quaternionic manifold, that is, a manifold with holonomy
Indices| K, .. =0, ... ,lO|abe| the 11-dimensional co- SU(Z)XS“ZnH) The metric on this manif0|dhuU, is

ordinatesx'. Later, we will also need the bosonic part of the Hermitian with respect to the three complex structures
membrane actiohl4,15

J)=38"7, (2.9
Sy.=-T J do\—y+2C (2.2)
M3 2 M3{ y ) satisfying the quaternionic algebra
which couples taC. The membrane world volume is param- JaquSW: — 5ab5uw+ EabC\]CuW' (2.10
etrized by coordinates”, wheren,m,p, ...=0,1,2, and its
embedding into 11-dimensional space-time is specified byyherea,b,c, ...=1,2,3. Herer, are the Hermitian Pauli
X'=X!(o). The pull-backsy,, and C of the space-time matrices so that the complex structures fill out the adjoint of
metric and the three-form are defined by SU(2). Theassociated triplet of Kaer forms is given by
Yom= &nxlﬂmxjgl.] ) (2.3 Kuw=3,"hyy - (2.11
Crmp= InX' ImX XK C 3¢, (2.4 We also need to introduce tf&U(2) partw,= w2, of the

) ) spin connection.
as usual. In terms of the 11-dimensional Newton constant, | et ys assume that the metiig, admitsn,+1 Killing

the membrane tensidf, is given by vectorsk! . These Killing vectors should respect the quater-
U3 nionic structure which means they originate from prepoten-
,= ( 8_77) 2.5 tials P, =P27, via the relation
2 ' :
K
ki'up =0, Pi+[w,,P]. (2.12

Let us now move on to five-dimensiond= 1 supergrav-
ity focusing on the aspects relevant to this paper. For a more With these conventions the bosonic part of the supergrav-
complete account we refer to the literatige-12). ity and vector multiplet action reads
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1 The Kéhler form w,g of X can be expanded as

S\/: — [dSX\/ ( R+ — leé, bko"abl

257 Ms wap=2a'wiap (2.20

into a basid wiag} of (1,1) forms. We take this basis of (1,1)
forms to be dual to affeffective basis{W'} of the second
homology, that is,

where kg is the five-dimensional Newton constant. The

1
+ 5 G FlgF'“?

2
5 + §dk.mAk/\F'/\l:m], (2.13

bosonic part of the hypermultiplet action takes the form -13 _
p yp p v Jwiwi_ 5} ) (2.21
1 11 : o , .
Sy=—— d5x~/ g{h,,D.Q"'D*Q"+V}, The h™* expansion coefficienta' are the Kaler moduli of
2K5 the Calabi-Yau space. As stands, they are, of course, not

(2.14 independent from the volume modul¥s However, we can

with the potentialV given by define volume-independent modbli by

b=y~ 13, (2.22
V: —_

. S 1.

2 4(G —b'bhtr(PP)) + iblbjhuvkiuk})}' These constitute,=h1—1 independent fields as they can

(2.15  be shown to satisfy the constraif#.8). They should be in-
terpreted as the scalar fields in the vector multiplets. The

The trace in this expression is performed over the Pauli macoefficientsd;, which appear in Eq(2.7) should then be

trices. The covariant derivativ®, includes the gauging of identified as the intersection numbers of the Calabi-Yau

the hypermultiplets with respect to the vector fieRdlsand is  space.

defined by The three-formC can be expanded as

D,Q"=3,Q"+gAkf", (2.16 C=C+AAw+ENQ+ENQ, (2.23

whereg is the gauge coupling. Note that the appearance anghere() is the holomorphic (3,0) form oX. The h? five-
the structure of the potentig2.19 is directly linked to this  dimensional vector field&!, account for the gauge fields in

gauging of the hypermultiplets. the vector multiplets and in the gravity multiplet. The five-
_ dimensional three-fornC can be dualized to a scalar and
B. M-theory on Calabi-Yau threefolds forms, together with the complex scalgrand the volume

Let us now briefly review the reductidi 6] of the action ~modulusY, the universal hypermultiplet. There ané ad-
(2.1) for 11-dimensional supergravity on a Calabi-Yau three-ditional hypermultiplets which originate from the complex
fold X with Hodge number$i*! and h®L, This leads to a structure moduli and the (2,1) part & which we have
five-dimensionalN=1 supergravity theory of the type de- omitted in Eq.(2.23. These standard hypermultiplets will
scribed in the previous section witty=h''—1 vector mul-  hot be of particular importance in the following.
tiplets, ny=h%+1 hypermultiplets and no gauging of the  Let us now review some relevant features of M-theory
hypermultiplets. flop transitions following Refs[2,6]. A flop constitutes a

We now need to specify the geometrical origin of some oftransition from the Calabi-Yau space to a topologically
these five-dimensional fields. The 11-dimensional metric ortlifferent spacéX due to a complex curvé in X shrinking to

the direct product spadd ;;=M 35X X can be written as zero size and subsequently being enlarged in a topologically
o w1op A B distinct way. Concretely, let us expand the clagsof the
dsf;=V " #g,,dx dx?+gapdX*dx®, (219 cyrvec in our homology basis as
whereA,B,C, ...=5,...,10label the coordinates on the W=gWw! (2.249

Calabi-Yau spacegAB is the Ricci-flat metric orX andg,
is the five-dimensional metric. The Calabi-Yau volume With constant coefficient'. The volume ofC can then be
modulusV is defined by written as

1 1/3
Vzﬁfxdsx o, (219 Vol(C) = f (vW¥b (2.25

. . S . where we have introduced the particular linear combination
wherev is an arbitrary six-dimensional reference volume. P

We note that the five-dimensional Newton constagtis b=gb (2.26
related to its 11-dimensional counterparby

of vector multiplet moduli. Within the moduli space ¥fwe
2 K haveb'>0, for all i, as well asb>0 and the limitb—0

T (2.19 corresponds to approaching the flop. Continuing further to
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negative values ob leads into the moduli space of the the world-line action for these transition states by starting
birationally equivalent Calabi-Yau spac¥. This new With the membrane action2.2). Introducing a complex

Calabi-Yau spacéX has the same Hodge numbers and world-volume coordinatec=o'+ic? and world time 7

L 0 . . .
hence, the same five-dimensional low-energy spectrum as the > we co:’13|der anf e?bfdd'ng of the membrane into 11-
original spaceX. However, the intersection numbers have dMmensional space of the form

changed across the transitif?]. More specifically, setting Xe=Xa(1), XA=XA(o) YA XK(;) (2.31)

(Bi)=(1,0,...,0) forsimplicity the new intersection num-
bersdj (expressed in terms of the field basig are given  here herea and A are holomorphic and anti-holomorphic
by indices on the Calabi-Yau space, respectively, axfti
1 =XA(o) parametrizes the complex curé The reduction
alll:dlll_ — (2.27 of the membrane action on this curve leads to the following
6 world-line action:
with all other components unchanged. Sometimes a new . N
basis of field', defined by Sp=—(v'?Ty) fR{dt(ﬂib'N— 9, X9, XPg g+ 2 BiA}.
~ ~ 2.3
bl=—b!, b'=b'—b?, (2.28 (2.32

_ This particle must form a hypermultiplet in five dimensions.
foralli#1, is introduced6] to cover the moduli space of. We denote the scalars in this hypermultiplet %, where
These new fields have the advantage of being positive,v,w, ...=1,2,3,4. It is charged with respect to the par-
throughout the moduli space & which is not the case for ticular linear combination
the original fieldsb'. For our applications we will find it i
usually more practical to use a single set of fields to cover A=BiA (2.33

the moduli spaces for botk andX. _ of vector fields with associated gauge coupling
How does the five-dimensional effective theory change

across the transition? Inspection of the actigrild, (2.14 g\

without gauging and potential shows that only the vector g=2v1/3T2=2(—2) , (2.39
multiplet part(2.13 is affected through the chang2.27) in Ks

the intersection numbers. From E(R.6), the metric G;;

takes the specific form as can be seen from the last term in Ej32. From the first

term in the world-line action we can read off the mass which
1 is given by
Gij:_dijkbk+ Zdik|djmnbkblbmbn, (229 1
m= Egb=T2V’1’3\/oI(C). (2.395
where we have used th&=6. This form shows that, de-
spite the jump(2.27) in the intersection number the metric
remains continuous across the flop silge; is always mul-
tiplied by b which vanishes at the transition. We remark that
the associated connection

What does this information tell us about the five-dimensional
effective action of these transition states? Clearly, these
states being hypermultiplets, their effective action must be of
the general form(2.14. We assume that the associated

JG hypermultiplet moduli space metric is flat, so that

rk =L gufSi (2.30
172 Nus =S4y - (2.39

which appears in the five-dimensional equations of motiorAs we will see shortly, this assumption is consistent with the
contains a term proportional t;, (without additional fields above properties of the transition states and the constraints
b') and, hence, jumps across the flop. Given the continuity ognforced by five-dimensional supergravity. To work this out
the metricG;; the only discontinuous term in the action is the explicitly, let us first recall the quaternionic structure on the
Chern-Simons term in E(QZ]_@ which is proportiona] to the four-dimensional flat moduli space. Introducmg the 't Hooft
intersection numbers. It has been shd@hthat its jump can 7 Symbols[17]

be accounted for by loop corrections which involve the tran- a_Ta__a 23
.. . . . Moc™ Moc™ €ber (2.37)
sition states. Let us now discuss these additional states in _
more detail. Nho= M= S5, (2.39
C. The transition states which satisfy the properties
The five-dimensional particles which become massless at [7.%']=0,
the flop originate from a membrane which wraps the collaps- ' . _ _
ing complex curveC with homology class/. We can find (MHT=(xH"L  (HT=(5")"1, (2.39
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the triplet of complex structures can be written as

Jauv =- ;ﬁwng '

(2.40

which satisfy the quaternionic algebfa.10, as required.
The associated triplet of Kder forms is given by

Ka,=—1. (2.41)

PHYSICAL REVIEW D58, 024030 (2003

Jo=00"t,,d,9°. (2.48

We recall thab= B;b', defined in Eq(2.26), is proportional
to the volume of the collapsing cycle and the generatas
been given in Eq(2.43. So far, we have only used that the
transition states are charged under the gauge Ael@learly,
the gauge coupling which appears in the covariant deriva-

We know that the transition states are charged under thfV€ (2-47) has to be identified with the valu@.34) obtained

particular combination of gauge field®.33. Hence the vec-
torsk{' must be proportional t@; and, at the same time, be

from the reduction of the membrane action. Then, the above
hypermultiplet action(2.45 is completely fixed. From the

Killing vectors on flat four-dimensional space. We know thatfirst term in the potential2.46 we can now read off the

this gauging must lead to a potential of the fo(19. As
g“— 0 this potential must vanish so that the modilindeed

mass of the hypermultiplet which is given lgb/2. This
value indeed coincides with the one obtained from the mem-

parametrize flat directions in this limit. This implies that the brane reduction, Eq2.39, as it should for consistency.

Killing vectors k' should not correspond to translations but

rather to rotations and, hence, be of the form
kiuzﬁituquv (242

wheret is an arbitrary anti-symmetric matrix. In addition,

In addition, we have found a potential term quartic in the
transition states which was not anticipated from the mem-
brane reduction but imposed on us by five-dimensional su-
pergravity. This quartic term plays an important role in lift-
ing “unwanted” flat directions. While the potential should be
flat for vanishing transition stateg'=0, and arbitranb', a

these Killing vectors must originate from a prepotential, thatfiat direction along the flop a=0 and arbitraryg" would

is, they must satisfy Eq2.12. This is the case precisely if
[t,7*]=0 for a=1,2,3, or, equivalently, if the matrikis of
the form

(2.43

_ a
tuw=Na?y

where n, are real coefficients. This matrix represents the

generator ofSQ(2) in the representatio@s 2. We require
the standard normalization tf)=—4 or, equivalently,
n,n?=1. The associated prepotential then reads

1 —
Pi=5Ba (uno ™) A"+ & (2.44

where & are arbitrary integration constants. They represenﬂ

the generalization of Fayet-llliopoulos terms to five-
dimensionalN=1 supergravity. As they lead to terms in the
potential which do not vanish for vanishirgg' we will set
them to zero in the following.

Inserting Egs.(2.36), (2.42), (2.43 and (2.44) into the
general hypermultiplet actio¢2.14) we obtain

1
S4=— 23| d°%J—g{D,q"'Dq,+V},

q
2K§ Mg

(2.45

with the potential

1
V=70°[b%a,q"+4(GH'BB—b?)(qua")?] (2.46

and the covariant derivative
D,q"=3,9"+gA.t",q". (2.47)

Consequently, the hypermultiplet currgntwhich couples to
the gauge field4,, is given by

be a surprisé. Fortunately, this potential flat direction is
lifted by the second term in E¢2.46).

Ill. COSMOLOGY

A. Cosmological ansatz and equations of motion

Let us briefly summarize the discussion so far. We have
seen that M-theory on a Calabi-Yau threeféldvith Hodge
numbersh®! and h?! is effectively described by the five-
dimensional supergravity actionf2.13, (2.14 with ny
=h'!—1 vector multiplets ana,=h?*+1 hypermultiplets
and no gauging. When a flop transition to a topologically

istinct Calabi-Yau spac¥ occurs the Hodge numbers and
ence the number of massless particles remains the same
while the structure of the five-dimensional action changes in
accordance with the chand2.27 in the intersection num-
bers. In addition, at and near the flop-transition region an-
other light hypermultiplet appears whose actigm5 has to

be added to the previous one for an accurate description
across the transition. It is important not to confuse these
transition hypermultiplet states which arises at the flop with
the standard hypermultiplets associated with the complex
structure moduli space of the Calabi-Yau space.

Which parts of this five-dimensional effective action are
we actually interested in for our cosmological applications?
Since we would like to study flop transitions which arise by
moving in the Calabi-Yau Kaer moduli space we should
certainly consider the associated moduli fields, that is the

1Such a flat direction with non-vanishing transition states would
correspond to a Higgs branch where the gauge symmetry corre-
sponding to the vector field is broken. The resulting change in the
number of light vector multiplets would be inconsistent with the
fact that Hodge numbers are unchanged across the flop.
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vector multiplet scalarb'. Clearly, we should also keep the 3(a?+ apP)

transition stateg" which become light at the flop. However,

these states are charged and generically source the vector 1., AT -
fields. Hence, it seems we have to allow for non-trivial vec- =+ 4(¢7+G;b'b'+4q7) +eV
tor field backgrounds for consistency. Fortunately, we can
avoid such a considerable complication by setting all scalars
g" equal to each other, that ig=2q" for all u=1,2,3,4 and

a single scalag. This configuration is consistent with tiog 1., AN
equations of motion, as can be seen from Ej46), and == 7(¢°+G;b' b’ +4q7) +eV
leads to a vanishing curref2.48. Consequently, the vector
fields can be consistently set to zero in this case. The stan-
dard hypermultiplets, in fact, completely decouple from the
other fields and are, hence, not essential for our purpose. 1. .

From these standard hypermultiplet scalars we will only Z—Z(¢2+Gijb'b‘+4q2)+62VV (3.7
keep the dilatoV=e? since it represents the overall volume

of the internal Calabi-Yau space and is, therefore, of particuand field equations of motion

lar physical relevance.

3(a—va+2a?)

20+ B+3a%+ B2+2aB—2va—vp

In summary, the spectrum of our five-dimensional effec- b+ (3a+pB—v)p=0 (3.9
tive action can be consistently truncated to the five-
dimensional metric, thé*'—1 Kahler moduli space scalars X+ (3a+ B—1)bk+ TKbib)
b', the universal transition scalgrand the dilatons. From b
Eq.(2.13 and Eq.(2.49, the accordingly truncated effective +2e2(GXi gV/ bl — 2biV)=0
action then reads
1 11 4+ (Bart B i+ 2e =0 (39
Ss=— | dx/-g|5R+ 7. BT 3 '
2K5 Mg 2 4
K=6.

1
+ZGk|aabka“b' +N(K—6)+3d,q0°q+V},

In these equations, we have already used the resslt
—V/9 for the Lagrange multipliek which follows by con-
tracting theb' equations of motioh with bi=G;;b!. The
1 connectionl“ikj associated with the moduli space met@g
V= Zgz[(ﬁ|b')2q2+ 4GB B—(BbHYH)g*]. (3.2  has been defined in E¢R.30.
The above action and evolution equations have been writ-
A Lagrange multiplier term has been added to enforce thd€n for a definite topology of the internal space with inter-
constraintk =6, Eq.(2.8), on the modulib’. The value of ~S€ction numbersl;; . When an evolution leads to a flop
the gauge coupling has been given in Eq2.34). We also tran3|tlop, tr:(e Khler potentialK, the metr|chj and the
recall that the “K#ler potential”K and the metrids;; have ~ connectionl’; have to be changed "by hand” in accordance
been defined in E¢2.7) and Eq.(2.6), respectively. with the c.hange{2.27).|n the intersection numbers to obtain
We are now ready to consider the cosmological evolutiorfhe equations of motion for the new topology. As discussed
of our system. We focus on backgrounds depending on timgarlier, this implies continuity ok and the metric while the
7 only and a metric with a three-dimensional maximally Connection jumps across the transition. We also note that,
symmetric subspace which we take to be flat, for simplicity.lom Eq.(3.2), the potentiaV is continuous while its deriva-
Accordingly, we consider the following Ansatz: tives with respect td' contain the connection and, hence,
jump. From these properties and the equations of motion we
ds?= —e?"(Nd 2+ e?*(Ndx?+ e?F(Ndy? (3.3 conclude that all fields and their first time derivatives and,
hence, the stress energy for all fields is continuous across the
¢=(7) (3.4  flop.

b'=b'(7) (3.5

(3.2

B. An approximate solution for vanishing transition states

q=q(7), (3.6) It is clear from the Eqs(3.7) and(3.9) that the transition

stateq can be set to zero consistently and we will now ana-

wherex= (x},x?,x%) andy=x*. Note thate and 8 are the lyze the cosmological evolution in this case. From the struc-

scale factors of the three-dimensional universe and the addiure of the equations of motion, the configuratiga=0

tional spatial dimension, respectively. For later convenience,

we have also included a lapse function The equations of

motion for this Ansatz, derived from the actid8.1), are “Some relations for very special geometry which are useful in this

given by Einstein equations context have been collected in Rgf1].
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seems rather non-generic and having a non-vanishing, per- b'=c'+p'r+0(7) (3.18

haps small initial value for appears to be more plausible. _ _

We will study this generic case further below. However, setin moduli space, where' andp' are constants, as long as

ting g=0 corresponds to the conventional picture of a flop

transition as being induced by slow free rolling in moduli

space. It is, therefore, useful to consider this case in some | 7]<

detall, if only as a point of reference.

e e e o e sore s e approximaton alo il tnat v negiect e ket
AR : . : energy of the fieldd' compared to the other fields, that is,

simplification arises if we choose the _gaugeBaf,B fc_)r from Eq. (3.17), we consider a solution witk=0. Accord-

the lapse function. In this gauge, we will denote timesp

the followina. Th gt 't i ish ingly, this value fork has to be inserted into the relation
€ following. The second term in equations vanisnes 3 13 within our approximation, the special geometry con-

for this choice and multiplying the remainder by we find straint(3.16) turns into two conditions, namely,
by integration that

2p'

— . 3.1
Ti(c)p'p (549

i ~j K i~k —
ﬁbi é‘bj dijkCIClC =6, dijkCICJp =0. (32@

= ”-EEZCOI’ISL (31@

These algebraic equations can be easily solved for given in-
) tersection numbers. This completes our approximate solu-
Hence, the kinetic energyof the Kahler moduli is constant tion.

on hypersurfaces of constant tinte Note that this is no Let us now apply this result to a flop transition. We as-
longer true for proper cosmological time related toby  sume, for simplicity, that the flop occurs in thé direction
dt?=e%*2fd72. It is straightforward to integrate the and atb'=0. By settingc=0 in our solution(3.18 we can,
Einstein equation$3.7) and the¢ equation of motion for in fact, arrange the flop to take place at time 0. Now we
time 7. The result can be easily rewritten in terms of properconsider two solutions of the above type with intersection

time t where it takes the form numbersd;;, andd;j, . We recall thatd,;; is the only inter-
B _ _ section number which changkss given in Eq(2.27)] across
a=painlt|, B=pgnlt|, =pyn(t|. (31D the transition. Since we have sgt=0 this particular inter-

. o . section number drops out of the constraif®20 which
Here, we have dropped trivial additive integration constants e . :

. - : T need to be satisfied for a valid solution. We are, therefore,
for all three fields and the origin of time, for simplicity. The

expansion power andp, must satisfy the constraints free to choose the same constaots p', solving the con-
P P Pa: Pg Py straints(3.18), on both sides of the flop. This leads to two
(3.12 solutions, for either topology, which can be continuously
matched together at the flop transition for 0. Further, our
1 approximation is valid for a certain period of time before and
p§+ PuPs= _(p<2/>+ k), (3.13 after the flop as quantified by the conditit®19. The scale
12 factors @« and B and the dilaton¢ are unaffected by the
transition in that they evolve according to E§.11) with the
same expansion poweps,, pg andp, on both sides of the
(3.14 transition. These results suggest that the system indeed
' evolves through the transition into the moduli space of the
topologically distinct Calabi-Yau space and, hence, that the
topology change is dynamically realized. This picture will be
confirmed by our numerical integration further below.

3Pt ps=1,

and the relation between proper tihand 7 is simply
r=In|t|.

We still need to find the explicit form df' for a complete
solution. To do this, we have to solve the following system of

equations:
b +F}kb'bk=0 (3.15 C. Evolution for non-vanishing transition states
o If the transition states no longer vanish, thagis 0, the
dijb'blb*=6 (3.16  potential becomes operative and the conclusions of the pre-
vious section do not apply any more. Clearly, we should not
Gij bibi=k. (3.17 expect to find analytic solutions in this case any more. How-

ever, some qualitative features of the evolution can be in-
Here the dot denotes the derivative with respect.tblence, ferred from the structure of the potenti@.2).
in this time coordinate, the fields move along geodesics in Let us consider small fixed values of the transition state
moduli space subject to the constrai@t16 from special such that the potenti&B.2) is dominated by the first term. It
geometry and the kinetic energy constrai8tl?. Unfortu-  is then approximately given by ~b2g2. Note that this po-
nately, Eq.(3.15 is hard to solve in general due to the sec-tential for fixed non-zer@ has a minimum ab=0, that is,
ond non-linear term. However, for a sufficiently small time precisely at the flop point. From this observation and the
interval and slow motion this term can be neglected. In othegeneral shape of the potential it is intuitively clear that a
words, the geodesics are well approximated by straight linegeneric evolution will lead to oscillations aroutd=0 and
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will finally settle down to this point. In other words, there is The fieldsb' which we have previously used are related to
a clear preference for the system to settle down at théw,U,T) by
transition point rather than complete the transition.

The complete potentidB.2) must still have a minimum at
small b for fixed non-zeroq at least as long ag is suffi-
ciently small. This suggests that the above argument gener- ,
alizes to this case and this will indeed be confirmed by oufThis definition implies, from Eq(4.1), that the fieldsh' are
numerical integration. In conclusion, this suggest that théndeed positive throughout the moduli spaceXofThe flop
system behaves quite differently if we allow non-zero valuedransition is approached @s'—0. Hence, the coefficients
of the transition states. Previously, for vanishing transition(38') which enter the potential(3.2) are given by
states, we have found that the topology does change dynanti8*,82,8%)=(1,0,0).
cally. If #0, on the other hand, the potential becomes im-  For the second Calabi-Yau spakethe moduli are in the
portant and favors the region in moduli space close to theange
flop transition. In this case, the system tends to settle down in
the transition region so that the topology change is not com-
pleted. It should be noted though that since the potential
(3.2 is only effective as long as the transition statpare
non-vanishing, for an evolution witq—O0 the flop might and the Kaler potential is given by
still be completed after a period of initial oscillations around c
the flop point. Moreover, the given conclusions are based on ~ 9 4 2 2 2
the analysis of the purely classical system considered, not K= ZU FIUTW=3UW 3T, 4.6
taking any other influences into accoUri8], such as for
example, a non-perturbative potential from gaugino Conden50|ving'|2:6 for T, as before, leads to
sation[19].

3
bl=U-W, b2=W, b3=T—§U. (4.9

1
W>U>0, T>W+3U, 4.5

~ 1[ 15U3%+36U%W-36UW?—72\%?
IV. AN EXPLICIT MODEL =5~ U - (47

In this section we would like to substantiate our previous
claims by numerically studying the cosmological evolution
of our system. To do this we need to consider a particula
example, that is, a particular pair of Calabi-Yau manifolds
related by a flop transition which provides us with a concrete
set of intersection numbers. We will use the Calabi-Yau
spaces described in Ref20—-22 and applied to black hole Bi=b3—bl=T— Eu+W. (4.8
physics in Refs[6,7]. 2

Concretely, we consider two elliptically fibred Calabi-Yau

From Eq.(2.29, fieldsb’ which are positive in the moduli
space ofX can be defined by

b'=—b'=W-U, b’=b?-b'=2w-U,

=~ . ) Note that the two moduli spacé4.1) and(4.5) indeed have
spacesX and X, both with a HirzebruclF, base space and a common boundary #i'=U—W=0 which is where the

i 1'1: o .
with h 3. These spaces share a boundary of theléa flop transition occurs. Also, using the bagis as defined

moduli space which corresponds to a flop transition. Follow- s . )
ing Ref.[6], both moduli spaces can be covered by a sing| above, it is easy to see that the {er potentials(4.2) and

set of coordinatesW,U,T) with the flop transition along 6(4'6) are related by the shif2.27 in the intersection num-

- ; ‘ bers, as is required for a flop transition.
W= U_. The Kahler moduli space ofX corresponds to the We will now study the above example usikigandU or,
coordinate range

equivalently,b® and b? as the independent variables. It is
useful to plot the potential3.2) as a function of these vari-

ables for a fixed value df. This has been done in Fig. 1 for
a value ofq=1/3. Obviously, this potential has a minimum
in both directions which happens to be at

3
Uu>Ww=>0, T>§U, (4.2

and the associated Keer potential is given by 13

3
. U=W= ( 10 (4.9
= _U3+3T2U—-W5. . . ; i
K 4 UmH3TU—W (4.2 independent of the value of The associated potential value
at the minimum(in units whereg=1) is
We can use the constrailt=6 to solve forT in terms of the 30073
other two moduli resulting in me:Tq‘l_ (4.10

1/ 27U3—12W3—72\12
T=€ - 5 . 4.3

From our previous general argument, we did anticipate a
minimum in the directiorb= U —W. However, a minimum

024030-8
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3
4
V3]
5]
o 06 U04 02 0 02 04" 06 08

FIG. 1. PotentiaV in terms of W,U and along the flop transition line at ¥WU, both for fixed g=1/3.

for both fields, located precisely at the flop and, hence, aévolution towards the flop transition region. The precise ini-
field values(4.9) independent of}, comes as a surprise. We tial values of all fields are specified in Table I. Figure 2
do not know whether this is a general feature of the potentiashows the corresponding evolution of the fields as a function
(3.2 near flop transitions or particular to this example. Inci- of proper timet. The first set of initial conditions in Table |
dentally, we note that, having fixed all modubli, the shape leads to a vanishing transitions state, that is, we have chosen
of the potential(4.10 in the remainingg direction is well  ¢(0)=0 andq(0)=0. This is precisely the case we have
suited for inflation. Unfortunately, to be in the slow-roll re- discussed in Sec. Ill B. The resulting evolution is shown in
gime we need thag>1 which, in turn, implies tha¥>1in  the first column of Fig. 2. It can be seen that the system,
units of the fundamental Planck scale. Such potential valuestarting off in the moduli space of at b*>0, evolves to-
clearly go beyond the region of validity of our five- wards the flop transitioh’=U—W—0 and then moves on
dimensional effective action and it iS, therefore, difficult to to negative values dﬁl’ Corresponding to the moduli space
conclude anything definite about this tantalizing possibility.
In any case, we will restrict field values such tNatloes not
become too large in the following.

Before studying the flop-transition numerically, let us

of X. Hence, the topological transition is indeed dynamically
realized as suggested by the previous analytic solution. The
picture changes considerably once we allow for a non-

. ) . ) vanishing transition state. The second set of initial conditions
briefly discuss the other boundaries of the moduli space g

described by the conditiong.1) and(4.5) in relation to the h Table : correspf)nds to small, non—vam-sth valugs of
potential. We note that the potential steeply increases tod(0) anda(0). Again, the system starts out in temoduli
wards the boundary direction&/—0, W—o and U—0. space and evolves towards the flop. The associated plots in

Hence, as long as the potential is operatitieat is, q is the second row of Fig. 2 show that after a few large initial

H H 1_ HH 1__
non-zerg it prevents evolution towards these boundaries2Scillations aroundb™=0 the system stabilizes d'=U

; ; —W=0 and, hence, at the flop transition. A similar behavior
The same is true for the boundary prescribedUsy— (W3 ' : - . )
+6)/9 as long as one stays in thepart of the moduli space, can be observed for larger initial valugf0), as in thethird
b!=U—W>0, andW is sufficiently small. The potential set in Table | with associated plots in the third column of

barrier rapidly vanishes in this direction for increasmgin Fig. 2.

the X part of the moduli space. In our numerical evolution,
we will simply avoid this direction of moduli space by
choosing suitable initial conditions.

We have numerically integrated the system of equations We have shown in this paper that the dynamics of
(3.7, (3.9 for the above example, that is for the'ldar ~ M-theory flop transitions strongly depends on whether or not
potentials(4.2) and (4.6). Here, we present the results for the transition states which become light at the flop are taken
three characteristic sets of initial conditions which lead to arinto account. If these modes are exactly set to zero the

V. CONCLUSIONS

TABLE |. Table of initial conditions in order of increasing initial value @f q(0).

Plot U U w W q q & é a Py B

1st 4/5 -1/5 1/8 1/9 0 0 1/2 -1/10 3/10 1/2 1/10
2nd 1/2 -1/5 1/5 1/10 1/5 1/8 2/3 1/10 1/3 2/5 1/10
3rd 4/5 -3/10 1/2 1/10 3/4 1/9 2/3 1/5 3/10 3/10 1/10
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FIG. 2. Cosmological behavior of the field8(t), U(t), q(t) and a(t), B(t), ¢(t), respectively, for the three different sets of initial
conditions given in Table I.

moduli space evolution proceeds freely and the topologypactify the fifth dimension on a line interval and couple the
change can indeed be dynamically realized, that is, the sydive-dimensionalN=1 bulk supergravity used in this paper
tem moves between two topologically different Calabi-Yauto N=1 theories on the two boundarigz3,11]. The vacuum
spaces related by a flop for appropriate but generic initiabtate of this theory is a static BPS domain wall which corre-
conditions. For non-vanishing values of the transition modessponds to a certain path in the Calabi-Yalihka moduli
however, a potential becomes operative which genericallgpace as one moves between the boundaries. Using this prop-
leads to oscillations of moduli fields around the flop and thuserty of the vacuum state, one can, in fact, construct static
to an approximate stabilization, at least as long as the potervacua of heterotic M-theory with an inherent flop transition
tial is operative. Hence, the system does not really evolvg24], that is, vacua with the flop occurring at a particular
into the moduli space of the flopped Calabi-Yau manifoldpoint in the interval. Assuming the results of this paper in-
and the transition remains incomplete. One may argue thateed transfer to heterotic M-theory, it is these inherently
this latter case is likely since non-vanishing values of theflopped vacua which would be preferred by the dynamical
transition states represent a more generic set of field configwevolution of the system.
rations in the early universe. If this is indeed the case, the
region in moduli space close to a flop is preferred by the ACKNOWLEDGMENTS
dynamics of the system.
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